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3apaya A. lNepepbiB Ha 0bep,
Hyxmno nepebpars 3aBenenune, B koTopom dyaer obenars JIsuc. Ilocse 31010, BEIYUCIUTD AJIUHBL IBYX
0Tpe3KoB 1o Teopeme [lndaropa, n 06HOBUTHL OTBET CYMMO¥ JJTHH OTPE3KOB ILTIOC ;.

3apava B. lNlounHka maccuBa
3aMerumM napy moJie3HbIX (HGaKTOB: €CJIH ¢ TOMOIIBIO OepaIuil mepesectr k 3JeMEeHTOB B HAYAJIO U M
JIEMEHTOB B KOHECI[ MaCCHUBa, TO:

o MOo2KHO BBITIOJITHATH OMEPAIUH C TAKOH 0Y€PEIHOCTHIO, YTO MIEPEHECEHHBIE 3JIEMEHTHI OyAyT B JTI000M
HEOOXO/IMMOM TOPSJIKE, HAIIPUMED OTCOPTHPOBAHHOM.

[ ] 9.]'IeMeHTbI7 KOTOPbIE TEePEHECEHBI B HAYAJIO ABJIAIOTCA k HAMMCHBINNMHA 9UCIAMA NCXOAHOTO MaCCHUBa,
a B CBOIO Oo4Yepedb 3JIEMEHTDI, IIepEeHECEeHHBbIC B KOHEIl MOJIZKHBI OLITH M HaWOOJILIIUMU YHICIaMHU B
MaCCHBE.

Takum 0O6pazom, aTobBI MACCHB OBLT OTCOPTUPOBAH, BCE DJIEMEHTHI, KOTOPhIE HE TTEPEHOCUJINCH TOIKHBI
OBITH B OTCOPTHPOBAHHOM IIOPSIIKE OTHOCUTEIBLHO APYT APYyTa.

Jltst obsierdenust 33/1a9u BBIIOJIHUM MACIITAOMPOBAHUE: OTCOPTUPYEM ME€PBOHAYAJIBHDBIE JJIEMEHTHI B
OTJEeHLHOM MacCHBe, a 3arTeM ybepeM MOBTOPBI. 3aTeM B MCXOIHOM MACCUBE 3aMEHUM 3JIEMEHTHI, Ha WX
UHJIEKCBI B TIOJIy9eHHOM Maccuie. Hampumep, ecin n3HadabHO MACCUB BRITIsieN, Kak {3,1,2,3,40,55},
nocjie MacmTabupoBaHust OH OyJIeT BBITIANETH Caemyommm obpasom: {2,0,1,2,3,4}. Bamernm, uro Tak
KaK MacIrrabipoBaHnue He BINAET Ha MOPAJOK 3JEeMEHTOB, OTBET HA 33a0a9y [JIT HCXOTHONO MACCHBA U
HOBOTO OYIeT MAEHTUYHBIM. BOjiee TOTO, Temeph B MACCUBE BCE 3HAUEHUS HE MPEBOCXOIAT €r0 JJIHHY.

[Tocte MaciTabrpoBaHNMs BHITOJIHSIETCS CIEIYIONIee CBOMCTBO, €CJIM B MACCHBE €CTH 9JIEMEHT X, TO B
HEM TaKYKe €CTh jieMeHT T + 1, mubo T aBagerca HaubOIBITNM JIEMEHTOM MacCuBa. 10orjaa 3aMeTnm, 9To
[IOCJIe yIaJeHus] M3 MacCHBa 9JIEMEHTOB, K KOTOPLIM ObljIa IIPHMEHEHA OIepalldd OCTABIIHECS JJIEMEHTHI
Oy/yT 06pa30BBIBATE TIOCIEI0BATEILHOCTD Ceaytomero suga: {z, x,...,z,x+1,z+1... z+1,...x4+q}, T0
eCTh pa30bbeTcs Ha OTPE3KH M3 coceqHux 4dmces. VHade MaccuB He OymeT oTCOpTHpOBaH. Torga 3aMeTnm:

o Eciu x x0T OB1 OMHOMY D/IEMEHTY CO 3HAUEHUEM T MPUMEHSIETC OMEPAIldsd M0 MEPEHOCY B HAYAJIO,
TO HUT/IE CPEIN OCTABIINXCS JIEMEHTOB KPOMe KaK B HadaJle HE MOTYT HAXOJIUTCS 3JEMEHTLI C TAKUM
Ke 3HAYeHUEeM.

e AHa/OrMYHOE BEPHO /IS [IEPEHOCOB B KOHEL,

st Havaga Ui KaXkJI0ro 3HAUEHWS MaCCHBa MOCUYUTAEM €ro MepBOe W MOCTeHee BXOXKJIEHUE B UC-
XOJIHBITT MAaCCHUB, COCTABUM M3 HUX OTPE30K [l;;7y]. Torma ocrapmmecs 3/eMeHThl TPEICTABIAIOTC, KaK
OCJIEIOBATE/IBHO COEIMHEHHBIE OTPE3KU, a TAKXKe I KaXKJIOTO OTPE3Ka BEPHO:

e Bce 3nauenns 3a KOTOPBIE OH OTBEYIaEeT OBLIT IIepecTaBJICHLBI, TOI'/Ia OTPE30K HE BXOJUT B OCTAaBIINECA
JICMCHTDI.

o Bce sanemenTsl U3 3TOrO OTpPE3Ka OCTAJINCH HETPOHYTBLIMH, TOrJa OH BXOAUT B OCTAaBINIHUECA 3JIEMEHTDI.

e Hexorophie (He BCe) 97€MEHTHI €O 3HAYCHUSIMH, 32 KOTOPBIE OTBEYAJ OTPE30K, MOIVIH OBITH MEpeHe-
CEHBI BIIEPEl M TOTJIA OTPE3OK [lz, My OymeT aABAATHCA HAYAIOM TIOCIEI0BATETFHOCTH OCTABITIXCS
3JIEMEHTOB, TJIe 1, HEKOTOPOe BXOXKJIeHUE .

e AHaJOrMYHO /I IEPEHOCOB B KOHEII,

HekoToprie 0Tpe3Kn BIIOJIHE MOTYT «HE MEIMIATH JAPYT APYTY», HAITPUMED, €CJTH PACCMOTPETH HEKOTOPOE
3HaveHue T u OyJer BepHO, 9TO Ty < lyi11, 3AMEHMM 3TH JBa OTPe3Ka Ha O0TPE30K [ly;7x4+1]. Ilocae Beex
BO3MOXKHBIX 3aMEH TIOJIYHYUTCHA, 9TO ITOCJIECTO0BATCIBHOCTL OCTABIIMUXCA IJIEMEHTOB BBLITVIAJIUT CJICAYIOIIUM
obpazom: JIubo Havas 0 OTpe3Ka W KOHEIl CAEAYIOMEro 3a HUM, JuGO TPU MOAPSA OTpe3Ka, ¥ KpaiHux
13 KOTOPBIX B3ATHI TOJIBKO YaCTH. Bce HY2>KHBIC 3HAYCHUA my HEO6XO,ZLI/IMLIB AJId HaXOXKICHU A yacren
OTPE3KOB TIPEIJIATACTCA UCKATh JBOUIHBIM TTOMCKOM.

Urorosas cioxuocrs pemenust O(nlogn).
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3apava C. KopoBblii 3aMOK

B mepBoit mogzamade Hy:KHO OBLIO MPOBEPHUTH, UTO BCE MOBOPOTHBIE PYUYKH JOCTUKUMBI U3 €INHCTBEH-
HOTO TEHTPAJIBHOTO 3JICMEHTA.

HazoseM mHTEpPECHBIMU TTOBOPOTHBIMU PYYKAMHU T€, I3 KOTOPHIX JOCTUYKUM IEHTPAJILHBIN 3JIEMEHT 1
0 BEPTUKAJM, W 110 TOPU3OHTAIN. FCan IMEeHTPAJIbHBIX DJEMEHTOB HEe OO/bIe 5 W Pelenue CyIecTBY-
eT, KOJINIeCTBO MHTEPECHBIX MOBOPOTHBIX PydeK He MozkeT mpepbimarhk 20. IlosTtomy, ecan ux 6ombre,

220 BapHaHTOB OpPUEHTAIIAH STHX pyuek. Opu-

pelleHnst TOYHO HeT. A ec/ii MeHblie, TO MOXKHO 1epebparb
eHTAlNs OCTAJbHBIX PYYeK OIpejesidercs ojHo3HaqH0. [lociie yero Hy2KHO TOBKO IIPOBEPUTD, sABJISETCH
JIM TEKYIIAsl OPUEHTAIUS PEIIEHIEM.

3aMeTnM, UTO y KaXKJI0W PYUIKU €CTh BHIOOD M3 MAKCUMyM JIBYX IIEHTPAJBHBIX 3JIEMEHTOB, K KOTOPBIM
OHa MOXKeT OBIThb B MTOre MPUCOSTMHEHA. 3aBeIeM [Jisi KaXKIol pydku OyJieBy MepeMeHHY0, 0Do3Hatua-
IOIYI0 K KAKOMY W3 JIBYX TEHTPATLHBIX 2JEMEHTOB OHa Oymer mpucoennuera. Jlomyctnm, pyvaka Oymer
OPMEHTHPOBAHHA FOpU30HTAJbHO. Torma, Bce pyUYKN MeXKJIy JAHHOHU U IEeHTPAJIBHBIM 3JIEMEHTOM, K KOTO-
poMy oHa OymeT TPUCOoeINHEeHa, TOXKe JOKHBI OBITH OPUEHTHPOBAHHBI TOPU3OHTATHHO. A ecin 0dasd 3
S9TUX PY4YeK OPHEHTHDOBAHHA BEPTUKAJIBHO, TO W JAHHAS PYYKa J0/KHA ObITH OPUEHTUPOBAHHA BEPTH-
Ka/bHO (IOTOMY 9TO OHA HE MOXKeT ObITh OPUEHTHPOBAHHA TOPU3OHTATHHO ). AHATIOTHIHBIE YCIOBUS, €CJIN
pyuka OyJeT opueHTUPOBAaHHA BEPTUKAJIbHO. Hecsi0:KHO /10Ka3aTh, YTO 9TH YCIOBUS SIBJIMIOTCH HEOOXO0IH-
MBIMI ¥ JIOCTATOYHBIMHU. 3aMETHM, UTO BCE 3TU OTPAHUYEHUSI MOTYT ObIThH COPMYJINPOBAHHBI B (hopMaTe
2-SAT. IIpu stom, B Hem Gyner O(n?) nepemennbix u O(n?) xnozos. Pemenne 2-SAT moxker GbITh Haii-
JICHO 33 JIMHEHHOE OT KOJIMYeCTBa K/I030B BpeMs. Taxum o6pazom, Mbl nosyunan perenue 3a O(n3) mis
TpeThell moa3a adn.

YTo6B! permTh TOCAETHION 033189y, HYKHO OMTUMU3NPOBATE CTPYKTYPY rpada, KOTOPBIH oIy Ia-
ercs tipu perernn 2-SAT. 3amerum, 9T0 MBI BCerJja TPOBOAUM pebpa, B IpeUKC BEPIITIH, €CJIN CMOTPETh
OT KAaKOr0-TO TEHTPAJBHOTO 3jieMeHTa. [loaToMy, /s KayKI0ro MEeHTPAJbHOrO JEMEHTA B KaXKJIOM U3
YETHIPEX HAMPABICHUHN I KaXKJI0T0 MpeduKca ¢heaaeM (UKTHBHYIO BEPIIHHY, W3 KOTOPOM MPOBEIEM
nBa pebpa: B PUKTUBHYIO BEpUINHY s npeduKca Ha OJHY BEPIIUHY KOpOYe, U B 3Ty BepiuHy. Tenepnb
BMECTO TOr0, 9TOOBI MPOBOANTE Pebpa B OTPE30K BEPIINH, ITPOBEIEM OHO PeOPO B PUKTUBHYIO BEPIIHHY,
U3 KOTOPOIi 6Y/IeT JOCTHKIM 3TOT e 0Tpe3oK. Kommuaecrso Bepmun ocranocs O(n?), u konmaecTso pebep
Toxe crano O(n?).

3apaya D. lNobGer c ropHoii 6a3bl

B nepsoii momzagaue MoxkHO mepebpaTh BCe BAPUAHTBI PACCTAHOBKYU BEPTOJIETOB, W BBIOPATH OITH-
MasbHbIA. Pemenne paGoraer 3a O(2" - n).

Bamerum, 9T0 BEPTOJIETHI BCET/Ia BBIFOJHO CTABUTH B JIMCTHI gepeBa. U eciu KOJM4eCcTBO JTMCTOB MEHb-
e, 4eM k, TO OTBETOM #BJISETCs N. Perum BTOpyIo moa3aiady MeToJ0M JIUHAMUYECKOrO MPOrPaMMUPO-
Banus. Byjem nepebuparh JIMCThL B HOPSIJKE, B KOTOPOM OHHM BCTPEYAKOTCS B KAKOM-TO 31epoBOM 06x0s1€
nepesa. Cocrostnuem Oymer napa auces (i,v) — KOJUIECTBO BEPTOJETOR, KOTOPHIE YKe MOCTABJIEHDI, U HO-
Mep TOCJEHETO JINCTA, B KOTOPDIH OBLT TTOCTaBIeH BepTosieT. JIomycTuM, MBI XOTHM MOCTABAThH BEPTOJIET
B JINCT U, TOU/A HY?KHO 06HOBUTE 3Havenne dpli+ 1, u] snavenunem (dp[i, v] + depth(u) — depth(lca(u,v))),
rae depth — rnybuna BepImubl, a lca — HauMeHbINHi obmmit mpenok. IlomyunBineecs pererne padboraer
38 O(k - n?) wm O(k - n? - log(n)) B 3aBHCHMOCTH OT PeATH3AIMH HAXOXKICHHS HAMMEHBIIErO OGINero
npeJika.

Jlnist perenust TpeTHEH 101381841, HY 2KHO OITHMU3APOBATH COCTOSTHUE JMHAMUIECKOTO TPOTPAMMHUPO-
BaHUsl U3 IPeJbLIYINero ab3amna s rpados ¢ MaaeHbKoil BbIcOTOMH. BMecTo TOro, 9ro6bl XpaHuTh HOMED
HOCJIEIHETO B3ATOrO Jucra, Oymem xpauuth depth(lca(v,u)), tae v — nocneauuit B3ATHIA JucT, 8 U —
rexyiuii simcr. Tereps, MycTh Mbl IEPEXOIUM OT JILCTA HOMED U K CJIEJyIOIIeMy Jucty nomep . Hecoox-
HO Jlokazarb, 4ro depth(lca(v,q)) = min(depth(lca(v,u)), depth(lca(u,q))). Ilosromy, upu nepexoje or
JIUCTA K CJIE/YIOIEMY, HyKHO 00pe3aTh 3HaYenne riyOuHb! [ca ¢ TOCTe R B3ATON BEPITUHBI 10 TIyOUHBI
lca TeKyIero u CIeyOMero aucTa. B ocTaqbHOM, TEepexoIbl AaHATOTHYHBI TIEPEXOIaM U3 TIPEJIbIIYIIEro
abzama. IMomyumnocs pemenne, padoraiomee 3a O(k - D - n -log(n)), rne D — makcumanbHag TryOuHa
BEpIIUHDLL. 3aMeTUM, YTO OHO YKJIAILIBAETCS B OTPAHUYEHUs] KAK TPeThell, Tak U BTOPOi mojzaiad.

Bamerum, 9To camyro rryGOKyH BEDIIMHY BCErjla BBITOIHO B3dTh. JIOMycTHM, MBI €€ He BO3LMEM.
Toryia HAYHEM TIOJHUMATBLCS U3 Hee JI0 KODHs, [OKA He BCTPETHM BepINUHY, U3 KOTOPOH TOCTHKHMA
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B3dTast. 3AMEHUM 9Ty B3sITYIO BEPIIUHY Ha TY, U3 KOTOPOI HOJHUMAIUCE, ¥ OTBET HEe yxyamurcs. [loaromy,
BO3bMEM CaMyl0 INyOOKYIO BEpIIUHY B OTBET, W YJaJUM W3 JIEPEBA BCE BEPIIMHBI HA IYTH OT B3ATOM
BEPIIMHLI 10 KOpHA. [Ipm 3TOM, JepeBo MOXKET pacHacThCa Ha HECKOJIBKO. Temepb, aHATOTMYHO MOYKHO
JIOKa3aTh, YTO CHOBA BBITOJHO B3ATh B OTBET CaMyl0 TIyGOKYIO BepHnHY (Teneph TayOnHA BEPITUHBI
CUATAETCS OT KOPHSI TOrO JIepeBa, B KOTOpOoM OHa JjiexkuT). CHOBa BO3bMEM ee U yJajluM U3 JIEPeBa MyTh
oT mee no Kopuda. Bymem memarh Tam k pa3. Kaxnbrit pa3 Mbl HAXOmmM caMyto TIyOOKYIO BEPITHHY W
ynaasiem yTh 3a O(n). Ilosromy, noayuunoch pemenue, padoratormee 3a O(n - k).

OtcopTupyeM Bce BepIMUHBL 10 TyiybnHe. ByaeM paccMaTpuBaTh WX B TaKOM mopsanke. IKorma Mer pac-
CMaTPUBAEM BEPINUHY v, OyJeM HOJIHUMATHCS U3 Hee 10 KOPHs, II0Ka He BCTPETHM IIOMEYEHHYIO BEPIIHY.
O0603HAYNM 32 €, KOJUIECTBO HETIOMEUEHHBIX BEPIIWH, 10 KOTOPBIM MbI yeresun npoiitu. [Tocie gero mome-
TUM BC€ BEPINUHBI, 110 KOTOPBIM IponLir. OKa3bIBAETCS, 9TO OTBETOM SABJISETCA CyMMa, k MaKCHMAJbHBIX
qucesr Cpean . Hy2KHO 10Ka3aTh, UTO /i BEPIIUH, KOTOPBIE BOMIYyT B OTBET, ¢, DyneT paBHO riybune B
MOMEHT Y/Ia/IeHUsl B aJIFOPUTME U3 IIpebLIyInero ab3amna. JlokasaresbCTBO OCTABIM YUTATETIO B KAUECTBE
ynpaxkuenus :). [Toayunnn pemenne, padorarorree 3a O(n).

CrpatHuua 3 us 3



